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The (complete) gamma function [” (#)is defined 1o be an extension of the “=rl1ora! to aorplier and rend nir
arguments. It is related to the faioral by

)= (-1

a slightly unfortunate notation due to Legendre which is now universally used instead of Gauss's simpler )= n!
(Gauss 1812: Edwards 2001. p. 8).

Itis = 2o everywhere except atz = 0, - 1, =2, ..., and the residue at ; = ~kis

1
mr(.‘)- WT!'".

There are no points z at which I {z) = 0.

The gamma function is implemented in the ¥7oitn L e 88 Sammafz].

There are a number of notational conventions in commen use for indicalion of a power of a gamma functions. While
authors such as Watson {1939) use I” “ () (i.e.. using a Irigonometric funclion-like conventicn), it is also common o
write [T (2)1".

The gamma function can be defined as a J=fniia

I'(z)af‘r' Yeldr
4]
=21:Nc"': fi by,

I‘(z)ﬁfl}n(-l")rldr.

The complete gamma function I (x) can be generalized to the upper
wonmpiele gAntia finchon yla, X)

4 for B [z} > 0 (Euler's integral form)

or

suan T {a, x) and lower

mpdnte garemia
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Plots of the real and imaginary parts of I (z)in the complex plane are illustrated above.

1oy otna equation (X) by parts for a ot argument, it can be seen that
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Taking the = ¢ +f of each side then gives
e mplan on L5420 (17)
=t e, (18)

Plugging into the integral exprassion for #! then gives

n!=f e e g (19)
-n
=ne™ fe St gg, (20)
Evaluating the integral gives
nl=p" e 220 @1
=N2g e 22)
(Wells 19886, p, 45). Taking the |: = - of bath sides then gives
lnniznlnn—rm- In2xn) (23)
=(u+ Hlnn n+,'\ln(2ﬂ’). (24)

< with only the first lerm retained and, for large . it reduces to Stirling's approximation

Ina'saln-n (25)

Taking successive terms of [n" l,;‘] where [x] is the iz fo , gives the sequence 1, 2, 4, 10, 26, 84, 163, 416,

1067, 2755, ... (OEIS

Stirling's approximation can be extended to the double inequality

\/2}7 nnvl_»’). e EA VTR § antay 7” l! -'K"lfc‘l}n‘ (26)

(Robbins 1955, Feller 1968).

Gosper has noted that a better approximation to ! (i.e, one which approximates the terms in “t.i.00
of truncating them) is given by
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