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1 Lecture

1.1 Q

Define the prediction function of a linear regression model and write down L2-regularized mean
squared error loss. [5]

Answer: Prediction function of linear regression:

y(x;w, b) = x1w1 +x2w2 + . . .+xDwD + b =
D∑︂

i=1
xiwi + b = xT w + b

The w are usually called weights and b is called bias.
Alternatively via matrix:

L2-regularized mean squared error loss, MSE:

Alternatively via matrix:

1.2 Q

Starting from the unregularized sum of squares error of a linear regression model,show how the
explicit solution can be obtained, assuming (XT X) is regular. [10]

Answer:
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2 Lecture

2.1 Q

Define expectation E(f(x)) and variance Var[f(x)] of a discrete random variable. Then define the
bias of an estimator and show that estimating an expectation using a single sample is unbiased.
[5]

Answer:

Definition 2.1 (Expected value). E(f(x)) with respect to discrete probability distribution
P (x):

EX∼P [f(x)] =
∑︂

x

P (x) ·f(x)

Linearity:
E[αX +βY ] = αE[X]+βE[Y ]

Definition 2.2 (Variance). Definition of Var[f(x)]:

Show that estimating an expectation using a single sample is unbiased:

2.2 Q

Describe standard gradient descent and compare it to stochastic (i.e., online) gradient descent
and minibatch stochastic gradient descent. [5]

Answer:
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2.3 Q

Formulate conditions on the sequence of learning rates used in SGD to converge to optimum
almost surely. [5]

Answer:

2.4 Q

Write an L2-regularized minibatch SGD algorithm for training a linear regression model, including
the explicit formulas of the loss function and its gradient. [5]

Answer: Loss function and gradient:

Algorithm:
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3 Lecture

3.1 Q

Define binary classification, write down the perceptron algorithm and show how a prediction is
made for a given example. [5]

Answer: Binary classification:

Perceptron algorithm:
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3.2 Q

Show that the perceptron algorithm is an instance of stochastic gradient descent. Why are the
learning rates not needed (i.e., why does not the result of the training depend on the learning
rate)? [5]

Answer:

3.3 Q

Define entropy, cross-entropy, Kullback-Leibler divergence, and prove the Gibbs inequality (i.e.,
that KL divergence is non-negative). [5]

Answer:
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3.4 Q

Define data distribution, empirical data distribution and likelihood. [5]

Answer:

Pozn.: explicitly mentioned Gauss/normal distribution

3.5 Q

Describe maximum likelihood estimation, as minimizing NLL, cross-entropy and KL divergence.
[10]
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Answer:

3.6 Q

Considering binary logistic regression model, write down its parameters(including their size) and
explain how is prediction performed (including the formula for the sigmoid function). Describe
how we can interpret the outputs of the linear part of the model as logits. [5]

Answer:
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3.7 Q

Write down an L2-regularized minibatch SGD algorithm for training a binary logistic regression
model, including the explicit formulas of the loss function and its gradient. [10]

Answer:

Pozn.: primym vypoctem

4 Lecture

4.1 Q

Define mean squared error and show how it can be derived using MLE. [5]

Answer:

4.2 Q

Considering K-class logistic regression model, write down its parameters(including their size) and
explain how is prediction performed (including the formula for the softmax function). Describe
how we can interpret the outputs of the linear part of the model as logits. [5]

Answer:
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Pozn.:maybe add explanation for the logits

4.3 Q

Write down an L2-regularized minibatch SGD algorithm for training a K-class logistic regression
model, including the explicit formulas of the loss function and its gradient. [10]

Answer:

L2-regularization for the update:

weights = weights−args.learning_rate ·gradient

4.4 Q

Prove why are decision regions of a multiclass logistic regression convex. [5]

Answer:

4.5 Q

Considering a single-layer MLP with D input neurons, H hidden neurons, K output neurons,
hidden activation f and output activation a,list its parameters (including their size) and write
down how is the output computed. [5]
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Answer:

4.6 Q

List the definitions of frequently used MLP output layer activations (the ones producing
parameters of a Bernoulli distribution and a categorical distribution).Then write down three
commonly used hidden layer activations (sigmoid, tanh, ReLU). [5]

Answer:

4.7 Q

Considering a single-layer MLP with D input neurons, a ReLU hidden layer with H units and
softmax output layer with K units, write down the formulas of the gradient of all the MLP
parameters (two weight matrices and two bias vectors), assuming input x, target t and negative
log likelihood loss. [10]

Answer: General steps to calculate the gradient:

13



In our case we just substitute our given activation functions (code with the same activation
functions just to check, on paper much easier):

4.8 Q

Formulate the Universal approximation theorem. [5]

Answer:
Proof not required, sketch of it added for fun:
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5 Lecture

5.1 Q

How do we search for a minimum of a function f(x) : RD → R subject to equality constraints
g1(x) = 0, . . . ,gm(x) = 0? [5]

Answer: Example:

5.2 Q

Prove which categorical distribution with N classes has maximum entropy. [5]
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Answer: Softmax

5.3 Q

Consider derivation of softmax using maximum entropy principle, assuming we have a dataset
of N examples (xi, ti),xi ∈ RD, ti ∈ {1,2, . . . ,K}. Formulate the three conditions we impose on
the searched π : RD → RK , and write down the Lagrangian to be maximized. [10]
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Answer:

5.4 Q

Define precision (including true positives and others), recall, F1 score and Fβ score (we stated
several formulations for F1 and Fβ scores; any of them will do). [5]

Answer:
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5.5 Q

Explain the difference between micro-averaged and macro-averaged F1 score. [5]

Answer:

5.6 Q

Describe k-nearest neighbors prediction, both for regression and classification. Define Lp norm
and describe uniform, inverse and softmax weighting. [5]

Answer:
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6 Lecture

6.1 Q

Define a kernel based on a feature map φ : RD → RF ,and write down the formulas for

1. a polynomial kernel of degree d,

2. a polynomial kernel of degree at most d,

3. an RBF kernel. [5]

Answer:

6.2 Q

Define a kernel and write down the mini-batch SGD training algorithm of dual formulation of
kernel linear regression. Then describe how predictions for unseen data are made. [10]

Answer:

6.3 Q

Derive the primary formulation of hard-margin SVM (the value to minimize,the constraints to
fulfill) as a maximum-margin classifier. [5]
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Answer:

6.4 Q

How do we search for a minimum of a function f(x) : RD → R subject to an inequality constraint
g(x) ≥ 0? Formulate both the variant with KKT conditions and the variant with the λ
maximization, and prove that they are equivalent. [10]

Answer: The λ maximization:
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The KKT conditions variant:

6.5 Q

Starting from primary hard-margin SVM formulation, derive the dual formulation(the Lagrangian
L, the required conditions, the KKT conditions). [10]

Answer: Hard margin model formulation:

The Lagrangian, conditions, KKT conditions:
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6.6 Q

Considering hard-margin SVM, define what a support vector is, and how predictions are
performed for unseen data. [5]

Answer:

7 Lecture

7.1 Q

Write down the primary formulation of soft-margin SVM using the slack variables (the value to
minimize, the constraints to fulfil). [5]

Answer:
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7.2 Q

Starting from primary soft-margin SVM formulation, derive the dual formulation(the Lagrangian
L, the required conditions, the KKT conditions). [10]

Answer:

7.3 Q

Write down the primary formulation of soft-margin SVM using the hinge loss. [5]

Answer:

7.4 Q

Describe the high-level overview of the SMO algorithm (the test whether the KKT conditions
hold, how do we select the ai and ajto update,what is the goal of updating the ai and aj , how

23



do we detect convergence; but without the update of ai, aj , b themselves). [5]

Answer:

7.5 Q

Describe the part of the SMO algorithm which updates ai and aj to maximize the Lagrangian.
If you explain how is the update derived (so that ifI followed the instructions, I would come up
with the update rules), you do not need to write explicit formulas. [10]

Answer:

There we have to have a negative second derivative (we want the maximum):
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7.6 Q

Describe the part of the SMO algorithm which updates b to maximize the Lagrangian. If you
explain how is the update derived (so that if I followed the instructions, I would come up with
two b candidates and a rule how to utilize them), you do not need to write explicit formulas. [10]

Answer: After updating ai,aj (if we updated them at all), we proceed to update the bias
(that is the same for all values a and needs to be updated so that the conditions still hold with
the new a updates):

7.7 Q

Describe the one-versus-one and one-versus-rest schemes of constructing a K-class classifier by
combining multiple binary classifiers. [5]

Answer:
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8 Lecture

8.1 Q

Explain how is the TF-IDF weight of a given document-term computed. [5]

Answer:

8.2 Q

Define conditional entropy, mutual information, write down relation between them, and finally
prove that mutual information is zero if and only if the two random variables are independent
(you do not need to prove statements about DKL). [5]

Answer:

8.3 Q

Show that TF-IDF terms can be considered portions of a suitable mutual information. [5]
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Answer:

8.4 Q

Show that L2-regularization can be obtained from a suitable prior by Bayesian inference (from
the MAP estimate). [5]

Answer:
Pozn.: normal distribution

8.5 Q

Write down how is p(Ck|x) approximated in a Naive Bayes classifier, explicitly state the Naive
Bayes assumption, and show how prediction is performed. [5]

Answer: Context:
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Our p(Ck|x) approximated by Naive Bayes and the assumption + prediction:

8.6 Q

Considering a Gaussian naive Bayes, describe how are p(xd|Ck) modeled(what distribution and
which parameters does it have) and how we estimate it during fitting. [5]

Answer:

8.7 Q

Considering a Multinomial naive Bayes, describe how are p(x|Ck) modeled (what distribution
and which parameters does it have) and how we estimate it during fitting. [5]
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Answer:

8.8 Q

Considering a Bernoulli naive Bayes, describe how are p(xd|Ck) modeled(what distribution and
which parameters does it have) and how we estimate it during fitting. [5]

Answer:
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8.9 Q

Describe the difference between a generative and a discriminative model,the strengths of these
models, and explain why is logistic regression and multinomial/Bernoulli naive Bayes called a
generative-discriminative pair.[5]

Answer:
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9 Lecture

9.1 Q

Prove that independent discrete random variables are uncorrelated. [5]

Answer:

9.2 Q

Write down the definition of covariance and Pearson correlation coefficient ρ, including its range.
[5]

Answer:
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Pozn. (Σ,notfortheexam):

9.3 Q

Explain how are the Spearman’s rank correlation coefficient and the Kendall rank correlation
coefficient computed (no need to describe the Pearson correlation coefficient). [5]

Answer:

9.4 Q

Considering an averaging ensemble of M models, prove the relation between the average mean
squared error of the ensemble and the average error of the individual models, assuming the
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model errors have zero mean and are uncorrelated. [10]

Answer: Context (we want to ultimately ’cancel out’ the errors):
Ensembling is combining several models with a goal of reaching higher performance.
The simplest approach is to train several independent models and then combine their outputs
by averaging or voting.
The terminology varies, but for classification:

• voting (or hard voting) usually means predicting the class predicted most often by the
individual models,

• averaging (or soft voting) denotes averaging the returned model distributions and
predicting the class with the highest probability.

The main idea behind ensembling is that if models have uncorrelated errors, then by averaging
model outputs the errors will cancel out.
The averaged MSE:

Because ∑︂ 1
M

yi =
∑︂ 1

M
(t+ ϵi(x)) = t+ 1

M

∑︂
ϵi(x)

and hence the error of the ensemble is the average of the individual errors. The MSE is then
E

[︃(︂
1

M

∑︁
ϵi(x)

)︂2
]︃
.

9.5 Q

In a regression decision tree, state what values are kept in internal nodes, define the squared
error criterion and describe how a leaf is split during training (without discussing splitting
constraints). [5]

Answer:
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9.6 Q

In a K-class classification decision tree, state what values are kept in internal nodes, define
the Gini index and describe how a node is split during training (without discussing splitting
constraints). [5]

Answer:
The Gini index is the minimized value of the square loss L = ∑︁

i∈IT
(p − ti)2. (see ’For binary

classification, derive the Gini index from a squared error loss. [10]’ card)

9.7 Q

In a K-class classification decision tree, state what values are kept in internal nodes, define the
entropy criterion and describe how a node is split during training (without discussing splitting
constraints). [5]

Answer:

9.8 Q

For binary classification, derive the Gini index from a squared error loss. [10]

Answer:

9.9 Q

For K-class classification, derive the entropy criterion from a non-averaged NLL loss. [10]

Answer: lecture 9, 1:28:00 cca, TODO
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9.10 Q

Describe how is a random forest trained (including bagging and random subset of features) and
how is prediction performed for regression and classification. [5]

Answer:

10 Lecture

10.1 Q

Write down the loss function which we optimize in gradient boosting decision tree during the
construction of tth tree. Then define gi and hi and show the value wT of optimal prediction in
node T . [10]

Answer: Context:

Answer: In each update we are creating a new tree, so traditional SGD update would be too
expensive and Newton’s (or modified) method is used in our approach:
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where the loss can be rewritten with gi,hi as:

10.2 Q

Write down the loss function which we optimize in gradient boosting decisiontree during the
construction of tth tree. Then define giand hi and the criterion used during node splitting. [10]

Answer: In each update we are creating a new tree, so traditional SGD update would be too
expensive and Newton’s (or modified) method is used in our approach:
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10.3 Q

How is the learning rate used during training and prediction of a gradient boosting decision
tree? [5]

Answer: Furthermore, gradient boosting trees frequently use:

• data subsampling: either bagging, or (even more commonly) utilize only a fraction of the
original training data for training a single tree (with 0.5 being a common value),

• feature subsampling;

• shrinkage: multiply each trained tree by a learning rate α, which reduces influence of
each individual tree and leaves space for future optimization.

If one model is responsible for most of the work, in case it was wrong, the small corrections of
subsequent (or other) models wouldn’t have the strength to correct it, hence we limit it to only
eliminate a certain amount of the errors. So we still train it to correct as much as possible and
then we take this correction and scale it (e.g. by 0,1):

y(t) =
∑︂

αyi

10.4 Q

For a K-class classification, describe how to perform prediction with a gradient boosting decision
tree trained for T time stamps (how the individual trees perform prediction and how are the
K ·T trees combined to produce the predicted categorical distribution). [5]

Answer: In multiclass classification it is easier to generate K trees, each for one logit (one
class), so tree 1 will be tasked with saying whether the example belongs to class one or not,
not to which other class it belongs in case it doesn’t belong to class one. This is the decision
capacity we want to maximize for each tree.

Our trees form ’2D matrix’ where the final prediction is performed as the softmax of the sums
of the columns (sums for each class - logits for each class). These sums are the input of softmax,
that gives us a distribution.

10.5 Q

Considering a K-class classification, describe which individual trees (and in which order) are
created during gradient boosted decision tree training,and what per-example loss is used for
training every one of them (expressed using predictions of the already trained trees). You do
not need to describe the training process of the individual trees themselves. [10]
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Answer: In the first step we train K trees, one for each class and these try to decide the
predictions. These predictions are then used in softmax to generate the distribution which we’ll
try to correct. In t = 2 we create K more trees, each one of which will try to correct the logits
for their given class so that the sums help the final distribution the most, si at every t we create
K trees that we train in parallel (gradient is different for every part of the model, that work
together after each timestamp).

11 Lecture

11.1 Q

When deriving the first principal component, write the value of the variance we aim to maximize,
both without and with the covariance matrix(and define the covariance matrix). [5]

Answer:

11.2 Q

When deriving the first M principal components, write the value of the reconstruction loss we
aim to minimize using all but the first M principal components, both without and with the
covariance matrix (and define the covariance matrix). [10]

Answer:

11.3 Q

Write down the formula for whitening (sphering) the data matrix X,and state what mean and
covariance does the result has. [5]

Answer:
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11.4 Q

Explain how to compute the first M principal components using the SVD decomposition of the
data matrix X, and why it works. [5]

Answer:

11.5 Q

Write down the algorithm of computing the first M principal components of the data matrix X
using the power iteration algorithm. [10]

Answer:

11.6 Q

Describe the K-means algorithm, including the kmeans++ initialization. [10]

Answer:

12 Lecture

12.1 Q

Define the multivariate Gaussian distribution of dimension D. [5]

Answer:

12.2 Q

Show how to sample from a multivariate Gaussian distribution N (µ,Σ) with a full covariance
matrix, by using random samples from N (0,I) distribution. [5]

Answer:

12.3 Q

Describe the constant surfaces of a multivariate Gaussian distribution with(1) σ2I covariation,
(2) a diagonal covariation matrix,(3) a full covariation matrix. [5]

Answer:

13 Lecture

13.1 Q

Considering a Gaussian mixture with K clusters, explain how we represent the individual clusters
and write down the likelihood of an examplex for a given Gaussian mixture. [5]

Answer:
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13.2 Q

Write down the log likelihood of an N -element dataset for a given Gaussian mixture model with
K components. [5]

Answer:

13.3 Q

Considering the algorithm for Gaussian mixture clustering, write down the E step (how to
compute the responsibilities) and the M step (how to update the means, covariances and priors
of the individual clusters). [10]

Answer:

13.4 Q

Write down the MSE loss of a regression problem, and formulate the bias-variance trade-off, i.e.,
the decomposition of expected MSE loss(with respect to a randomly sampled test set) into bias,
variance and irreducible error terms. [10]

Answer:

13.5 Q

Considering statistical hypothesis testing, define type I errors and type II errors (in terms of the
null hypothesis). Finally define what a significance level is. [5]

Answer:

13.6 Q

Explain what a test statistic and a p-value are. [5]

Answer:

13.7 Q

Write down the steps of a statistical hypothesis test. [5]

Answer:

13.8 Q

Explain the differences between a one-sample test, two-sample test and a paired test. [5]

Answer:

13.9 Q

When considering multiple comparison problem, define the family-wise error rate, and formulate
the Bonferroni correction, which allows to limit the family-wise error rate by a given α. [5]
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Answer:

13.10 Q

For a trained model and a given test set with N examples and metric E,write how to estimate
95% confidence intervals using bootstrap resampling.[5]

Answer:

13.11 Q

For two trained models and a given test set with N examples and metric E, explain how to
perform a paired bootstrap test that the first model is better than the other. [5]

Answer:

13.12 Q

For two trained models and a given test set with N examples and metric E, explain how
to perform a random permutation test that the first model is better than the other with a
significance level α. [5]

Answer:
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