






















7. Consider the equation −∆u + au = f in Ω with homogeneous Dirichlet boundary
conditions. Here f ∈ L2(Ω), a ∈ W k,∞(Ω), a ≥ 0. Formulate weakly and discretise this
equation using the space

Vh = {v ∈ Ω̄ : v|T ∈ Pk(T )}.

We approximate
∫
Ω
auhvhdx by a quadrature formula of order 2k − 1. Show that

∥u− uh∥1,2,Ω ≤ Chk(|u|k+1,2,Ω + ∥a∥k,∞,Ω · ∥u∥k−1,2,Ω).

13. Necht’ ˆE(φ) = 0 ∀φ̂ ∈ P̂2k−2(T̂ ). Necht’ k > n/q. Dokažte, že existuje C > 0, že

|ET (fp)| ≤ Chk
T |T |

1
2
− 1

q · ∥f∥k,q,T · ∥p∥1,T ∀f ∈ W k,q(T ), p ∈ Pk(T ).
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Let T be a triangle with the vertices a1, a2, a3. Let λ1, λ2, λ3 be the barycentric
coordinates with respect to the vertices of T . Denote

PT = span{λ1, λ2, λ3, λ1 λ2 λ3} , ΣT = {Φi}4i=1 ,

where Φi are linear forms defined by

Φi(v) = v(ai) , i = 1, 2, 3 , Φ4(v) =
1

|T |

∫
T

v dx

For any v ∈ C(T ). Prove that the triple (T, PT ,ΣT ) is a finite element.
Let Th be a triangulation of Ω := (0, 1)2 consisting of triangles satisfying the assump-

tions (Th1)–(Th5) introduced during the FEM1 course. Let the finite element (T, PT ,ΣT )
introduced above be assigned to each element of the triangulation Th and formulate the
corresponding finite element space Xh and the set Σh of the degrees of freedom of Xh.
Characterize the dimension ofXh and describe the basis functions ofXh. Find out whether
Xh ⊂ C(Ω).

Let Πh : C(Ω)→ Xh be the interpolation oparator. Assuming that the triangulations
are regular, derive estimates of the interpolation error with respect to the L2 norm and
H1 norm.

Consider the Poisson equation in Ω with homogenous Dirichlet boundary conditions:

(1) −∆u = f in Ω , u = 0 on ∂Ω ,

where f ∈ L2(Ω) is a given function. Formulate a discretization of (1) based on the space
Xh and prove estimates of the error of the discrete solution with respect to the L2 norm
and H1 norm.


