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7. Consider the equation —Awu + au = f in Q with homogeneous Dirichlet boundary
conditions. Here f € L?(Q),a € Wk>(Q),a > 0. Formulate weakly and discretise this

equation using the space B
Vi, = {U €0 U|T c Pk(T>}

We approximate fQ aupvpdx by a quadrature formula of order 2k — 1. Show that

Ju—upll12.0 < Ch*(Julrr1.20 + lallkoon - [|ullk-120)-

13. Necht EZQ@) =0Vp € PQk_z(T). Necht k > n/q. Dokazte, Ze existuje C' > 0, Ze

1_1
| Br(fo)l < Chy|T12 "% - | flegr - Il V€ WEUT), p € Pi(T).



Let T be a triangle with the vertices ay, as, az. Let A;, A, A3 be the barycentric
coordinates with respect to the vertices of 1. Denote

Pr = Span{)\h A2, Az, AL Ao )\3} ) Xr= {(I)i}?=1 )

where ®; are linear forms defined by
‘ 1
O;(v) =v(a;), 1=1,2,3, (I)4(U>:\T_| / vdx
T

For any v € C(T). Prove that the triple (7, Pr, Xr) is a finite element.

Let .7}, be a triangulation of  := (0,1)? consisting of triangles satisfying the assump-
tions (7,1)-(Z,5) introduced during the FEM1 course. Let the finite element (T, Pr, ¥r)
introduced above be assigned to each element of the triangulation .7}, and formulate the
corresponding finite element space X and the set ¥j of the degrees of freedom of Xj,.
Characterize the dimension of X, and describe the basis functions of X},. Find out whether

X, C C(Q)

Let IT, : C(Q) — X, be the interpolation oparator. Assuming that the triangulations
are regular, derive estimates of the interpolation error with respect to the L? norm and
H' norm.

Consider the Poisson equation in {2 with homogenous Dirichlet boundary conditions:

(1) —Au=f inQ, u=0 on 0,

where f € L?(Q) is a given function. Formulate a discretization of (1) based on the space
X, and prove estimates of the error of the discrete solution with respect to the L? norm
and H! norm.



